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Abstract

The approach of proper orthogonal decomposition (POD) has been extensively adopted for fluid dynamics in fixed geometries.
This technique is examined here for fluid flow with moving boundaries; in the context of cavitating and phase change flows, and
fluid-membrane interaction. The purpose is to assess the capability of POD in extracting the salient features and offering a compact
representation to the CFD solutions associated with boundary movement. The cavitating flow simulations are investigated to distill
the effect of turbulence modeling, between the Launder—Spalding and a filter-based turbulence models. The lower-order eigenmodes
of the flow field, for both turbulence models, show different flow structures and global parameters between higher and lower cav-
itation numbers. The effect of multi-timescales produced by the filter-based turbulence model is discerned by POD analysis. For 3-D,
membrane wing flows, very few POD modes seem sufficient for accurate representation of the velocity field. However, reduced-order
analysis of the aerodynamic performance, which is strongly dictated by pressure, may be coarsened by moving membrane dynamics.
The flow with fusion is further considered for its solid-liquid phase front propagation. While few modes can sufficiently construct
the flow field for the later interval of the flow, a larger number of POD modes are required to provide the flow scales for the initial

part of the phase change process.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The art of scientific computations has lately received
impetus due to the improvement in computer hardware
resources. With the advent of faster processors, efficient
memory modules, and parallel computing techniques,
simulation of complex phenomena in nature is becoming
increasingly feasible. However, the challenges in per-
forming a computation and analyzing the available
data, increase manifold with the level of complexity in
the governing equations. Despite the fact, efforts in
encountering these difficulties are rewarding. Numerical
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simulations yield comprehensive data, which may be
impractical as an experimental task. These data not only
provide deep insight into the physics of the problem, but
also concurrently assist in the appraisal and enhance-
ment of various models that are deployed for the
computations.

Effective utilization of the colossal information
yielded by simulations certainly merits development of
efficient post-processing strategies. Any tool that offers
a succinct expression to the available data is obviously
a great asset to the computational endeavor. In the pre-
sent study, we focus on the capabilities of the statistical
technique of proper orthogonal decomposition (POD),
in context of probing flows with moving boundaries.
POD essentially captures intrinsic and salient flow struc-
tures of a time-dependent field by a statistical approach.
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Nomenclature

flow variable/quantity
spatial location

time

velocity components
pressure

temperature
turbulent KE
turbulent dissipation
density

viscosity

speed of sound

ratio of specific heats
velocity scale

filter size

filter function
objective error function
basis function

scalar coefficient
eigen value

singular value

S
=
<

h(\,@‘%'ﬁgjuqﬁ mtbma\-ﬂ*@“ﬁw\:g

R cross-correlation tensor

E energy content

A, U, X, V, I', E matrices

Q domain

N total DOF = number of time steps

k, M, n row/column indices

C;, C, constants

St, Ra and Pr Stefan, Rayleigh and Prandtl number
respectively

o cavitation number

Subscripts/Superscripts
mixture

liquid

vapor

far field

at boundaries
turbulent
fluctuation

St og < T3

It yields a set of orthogonal basis functions, termed as
‘POD modes’ or ‘eigenmodes’, which capture the princi-
ple flow features. The extraction of eigenmodes is fur-
ther complimented by a rapid convergence of the
energy associated with each mode. Consequently, a re-
duced-order investigation of the data is facilitated
through a fewer number of POD modes.

POD was first introduced by Lumley (1967) to inves-
tigate coherency of turbulent flow structures. Since this
seminal contribution, POD has been a popular tool to
extract systematically hidden, but deterministic, struc-
tures in turbulent flows and can be extensively found
in literature. Gradual progress in this area has estab-
lished the application of this technique to laminar flows,
as well as to flows under incompressible and compressi-
ble conditions. The latest studies and relevant issues of
POD implementation are reviewed hereafter. Aubry
et al. (1988) built a five-mode, reduced-order model
for the wall region of a fully turbulent channel. Their ef-
fort was extended by Podvin (2001), who provided
numerical validation of a ten-dimensional model for
the wall layer. The ability of the ten-dimensional model
to produce intermittent features, which are reminiscent
of bursting process in a wall layer, was also demon-
strated. Comprehensive POD studies on turbulent mix-
ing layers are available (Delville et al., 1999; Ukeiley
et al., 2001), which not only identify the large-scaled
structures in the layer, but also model the dynamic
behavior of the lower-order modes. Prabhu et al
(2001) explored the effect of various flow control mech-
anisms in a turbulent channel, on the flow structure in

POD modes. The POD modes of various flow control
mechanisms showed significant differences close to the
wall but were similar in the channel core. Similarly,
while Liberzon et al. (2001) employed POD to study
vorticity characterization in a turbulent boundary layer,
Kostas et al. (2002) adopted the approach to probe PIV
data for the backward-facing step flow. Picard and Del-
ville (2000) investigated the effect of longitudinal pres-
sure distribution on velocity fluctuations in the
turbulent shear layer of a subsonic round jet, using
POD. Annaswamy et al. (2002) examined ‘edge-tones’
of an aircraft nozzle by analyzing the POD modes of azi-
muthal pressure distribution of a circular jet. Cizmas
and Palacios (2003) gained insight on the turbine
rotor—stator interaction with a lower-order POD investi-
gation. They effectively utilized the time history and
phase-plane plots of the POD coefficients to unravel
the key dynamics in the flow behavior. POD-based
investigations on pulsed jet flow field (Bera et al.,
2001), temperature field in flow over heated waves (Gun-
ther and Rohr, 2002), and many such flow cases provide
further evidence on the wide applicability of the tech-
nique. As mentioned earlier, POD has been successfully
extended to laminar flow cases for extracting the princi-
ple features from time-dependent flow data (Ahlman
et al., 2002).

Despite the ongoing progress in POD, several issues
of its applicability to variable density and compressible
flow are lately being examined. As indicated before,
POD essentially yields a series, which rapidly con-
verges towards the norm of a variable ¢(r,?). Several
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past studies intuitively adopted scalar-valued norms for
the convergence criterion. For example, each flow vari-
able namely pressure, density, or any velocity compo-
nent was separately decomposed into POD modes.
However, Lumley and Poje (1997) observed that for var-
iable density flows, such as buoyancy-driven flows, an
independent POD analysis may decouple the physical
relationship between the flow variables. They suggested
that the norm selection should incorporate the density
variations into the velocity field, to achieve the conver-
gence of a physically relevant quantity—mass rather
than mere velocities—through the POD procedure.
However, simultaneous use of two flow variables also
poses an important issue of deciding the significance of
each variable in convergence process. Lumley and Poje
(1997) suggested a vector form to ¢(r,f) as q(r,f) =
[Ciu, Civ, Cyw, Crp’]. In addition, they provided a math-
ematical analysis to optimize the values of the weigh-
ing factors for expediting the convergence. Colonius
et al. (2002) extended the above argument by examin-
ing the impact of the norm selection on POD analysis
of compressible flow over a cavity. POD modes inde-
pendently obtained by scalar-valued norms of pressure
and velocity were compared to those derived by vec-
tor-based norms. The choice of the vector, g(r,¢) =

[u,v,w, /y%lc], was chosen with ingenuity so as to yield
a norm as shown below:

lg(r,2)|| = UQ (u2+u2+w2+y2 102) dr3r (1)

The above norm effectively yielded a linear series that
converged towards the stagnation enthalpy instead of
mere kinetic energy. Colonius et al. (2002) further re-
ported that scalar-valued POD modes were unable to
capture key processes such as acoustic radiation, which
heavily rely on coupling mechanisms between the varia-
bles. In comparison, the vector-valued POD modes were
in cohort with the compressible flow dynamics. Ukeiley
et al. (2002) employed ¢(r, 1) = [, 5~ 5= g~ TT(;TTfC] to
perform POD on numerical data of compressible mixing
layer. The variables, as shown above, were normalized
by their freestream values to ensure a rational weighing
of their fluctuations. A slow convergence towards the
multi-variable norm was reported. POD implementa-
tion was also shown to face serious issues in case of
supersonic flows due to presence of shock fronts. Lucia
et al. (2002) noticed that though the bulk flow can
be modeled by few eigenmodes, a larger number of eigen-
modes are required to accurately capture the disconti-
nuity in the flow. They circumvented the issue by
employing domain decomposition in their POD imple-
mentation. Though reasonable success in the reduced-
order representation of the shock was reported, issues
of extending the decomposition technique to moving
shock fronts are still unresolved.

In this study, we extend the POD methodology to
investigate three distinct cases of time-dependent simu-
lations. While two of the chosen cases are two-phase
flow problems, the third case comprises fluid—structural
interaction. To the best of our knowledge, the efficacy of
POD representation in context of either two-phase flows
or aeroelasticity problems has been insufficiently
probed. The existence of a moving boundary, and in
turn its numerical modeling strategy register a signifi-
cant impact on the dynamic behavior of the solution
and the flow scales. As a result, there is a need to assess
the fidelity of POD representation for such computa-
tions to instill confidence into the approach. Further-
more, some of the computations investigated in this
study are fairly exploratory, with the use of newly deve-
loped models and insufficient experimental support. The
eigenmodes and the unsteady behavior of their respec-
tive scalar coefficients for these computations are em-
ployed to distill the impact of the numerical models on
the solution. Thus, a twofold objective of appraisal
and examination of reduced-order flow description for
three distinct and interesting simulations motivates the
present endeavor.

2. Mathematical background

Consider a flow quantity, g(r, ), where r denotes spa-
tial variables and ¢ denotes time. The objective of POD
can be simply stated as minimizing the L, norm of the
objective error function, F(r,f), which is defined as
(Lumley, 1967; Delville et al., 1999; Ukeiley et al.,
2001; Ahlman et al., 2002; Arian et al., 2002):

Fk(r’t)ZQ(r’t)_qk(rat) (2)

The L, norm in terms of volume integral can be defined
as:

Il = | [ £ drf ()

Here, ¢*(r,7) denotes the data projected with a linear
combination of certain number (k) of orthogonal basis
functions (Y(r)). Through calculus of variations, the
problem of determining the optimally converging basis
modes, Y(r), can be well-posed in form of an integral
equation as shown (Lumley, 1967; Delville et al., 1999):

[ R =0 @)
Q

where, R(r,r’) is the space correlation tensor, defined as:
R(r,7') = (q(r,0)q(r', 1)) (5)

In the context of classical application of POD to turbu-
lent structures, the angular brackets denote ensemble
average of statistically stationary turbulent flow data.
However, the angular brackets in context of the present
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study interchangeably represent time-averaging of either
unsteady RANS or laminar solutions. This approach is
often referred in literature as the ‘snapshot POD ap-
proach’ (Sirovich, 1987; Zhang et al., 2003), where every
instantaneous solution is considered as a ‘snapshot’ of
the data. Solution of Eq. (4), which is also subjected
to a constraint of unitary norm |¥(r)] =1, yields the
orthogonal eigenmodes y,,(r) with corresponding eigen-
values 4,. Consequently, solution of the flow quantity at
each time step can be exactly expressed as a linear com-
bination of the eigenmodes (also known as POD modes)
in the following form.

ﬂh0=§;%waﬂ (6)

The time-dependent multipliers or scalar coefficients,
¢.(1), are obtained by projecting the solution at each
time step on the basis functions as shown.

bult) = / 4, () & (7)

Merely, from a standpoint of Eq. (6), infinite choices
for the basis functions ,,(r) are available. But, the basis
functions determined in conjunction with the minima of
|Fi(r, f)lensure optimal and sequential extraction of key
features from the data ensemble, enabling truncation
of the series (6) with fewer POD modes. Thus, succinct
expression of a voluminous data ensemble, with focus
on its salient aspects is facilitated through the lower-
order modes.

3. Numerical procedure

In the current study, the CFD solution at every time
step is considered as a snapshot of the flow field, and an
ensemble in form of a matrix A4 is generated as follows:

A=la,ar,as,...,ay) (8)

where, a, € RM; n=1,2,3,..., N denotes the solution at
all M nodes in the domain at the nth time step (usually
M > N). Thus, when ¢(r,) is expressed in the above
matrix form, the solution of Eq. (4) reduces to obtaining
the eigenvalues and eigenvectors of the matrix AAT,
which is achieved by the numerical technique of singular
value decomposition (SVD).

3.1. Singular value decomposition (SVD)

Any real matrix A4,y can be decomposed into the
form (Zhang et al., 2003):
A=U0zv" 9)

where, U is a (M X M) matrix whose columns form left
singular vectors; V is a (N X N) matrix whose columns
form right singular vectors, and X is a pseudo-diagonal

(M x N) matrix whose diagonal elements are the singu-
lar values s,. Furthermore, it can be easily shown that
the eigenvalue decomposition of the matrix 44" can
be expressed as:

AAT = UPUT (10)

From Egs. (9) and (10), it is evident that eigenvalues of
AA" are squares of the singular values of 4 (1, = 52),
and its eigenvectors are the left singular vectors of A.
Thus, SVD of the ensemble matrix 4 can effectively yield
the desired POD basis functions and their respective
eigenvalues. The SVD in present study is performed with
the subroutine—Householder reduction to bi-diagonal
form and diagonalization by QR procedure with shifts
(Press et al., 1992).

3.2. Post-processing the SVD output

The SVD subroutine returns the matrix U with
M x M elements. The matrix U is reshaped by extracting
only its first N columns. The resultant matrix U, which is
now an M X N matrix, comprises the N eigenmodes cor-
responding to the original data in matrix 4. Note that the
constraint |(r)| = 1 manifests itself in the following form

Utu =1 (11)
where, Iis an N x N identity matrix. The coefficient ma-
trix for ¢,(t), in compliance with Eq. (7), is further ob-
tained as:

r=u'4 (12)
Subsequently, the truncated series with k eigenmodes, in
form of another matrix, 4(k), is constructed as follows:
A(k) = Unpa T ien (13)

where, U € U and T € I'. It is thus straightforward to
observe that the error/discrepancy between the actual
and reconstructed data is

E(k) =4 — A(k) (14)

The fraction of cumulative energy captured by k eigen-
modes is calculated as follows (Ahlman et al., 2002;
Zhang et al., 2003):

k k
A 2
By = 2t Z"N:1S; (15)
Zn:li’l Zn:lsn
The energy fractions and the error matrix (Eq. (14))

are commonly used parameters to judge a POD
representation.

4. Results and discussion

We discuss the results of POD analysis on three flow
cases having distinct characteristics. Only the relevant
points of the numerical approach are briefly delineated
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for each case. For elaborate discussion on the respective
methodologies, the reader is referred to the original
studies (Wu et al., 2003b; Senocak and Shyy, 2002;
Senocak and Shyy, 2004a,b; Zhang et al., 2003; Lian
et al., 2003; Utturkar et al., 2004). For all the cases dis-
cussed, we perform POD without subtracting the time-
averaged value from the data. As a consequence, the
first eigenmode is likely to resemble the time-averaged
solution. However, this approach enables us to examine
the eigenmodes with a consistent perspective. Further-
more, two of the cases discussed below represent incom-
pressible flows, while the variable density effects in the
cavitating flow cases are localized to a relatively small
region in the entire domain. We thus implement SVD
separately for each variable for simplicity.

4.1. Turbulent cavitating flow around a hydrofoil

Numerical modeling of turbulent cavitating flow is
currently an area of active research with several unre-
solved issues and challenges. The main causes of these
challenges are the complex dynamics of the liquid—-vapor
interface and the multi-timescales in the flow. We choose
to probe the available data of 2-D, RANS-based turbu-
lent cavitating flow computations for a hydrofoil geom-
etry (Wu et al., 2003b), by employing POD. Totally 250
time steps are collected for the POD analysis. The cavi-
tating flow computations are based on the single-fluid
modeling approach. Thus, the variable density field is
represented by a liquid-phase fraction, which is obtained
by solving its transport equation (Senocak and Shyy,
2002). The present hydrofoil simulations are computed
on a stationary, curvilinear grid comprising multiple
blocks, by a pressure-based solver (Thakur et al., 2002).
Due to infeasibility of LES or direct simulation approach
for multiphase flows, the two-equation based k—¢ mode-
ling strategy is adopted, with two different formulations
for predicting the eddy-viscosity. The first formulation
is the commonly employed Launder and Spalding model
(1974), where the eddy viscosity is formulated as:

0.09p, k>
== (16)
The second formulation, which is the filter-based model,

is as shown below (Johansen et al., 2004).

0.09p, k% _
=3
i (17)
- Ae

Here, the filter-function 3 conditionally controls the dis-
sipation based on the chosen filter size (4). If the size of
A, which is a control parameter in the simulation, can
adequately address the turbulent length scale
(4 <<¢), then the flow is computed directly. Con-

versely, a coarse filter size recovers 3 = 1, and subse-
quently implements the Launder and Spalding model
(1974). A value of 3 =1 is also imposed on ‘no-slip’
boundaries to enable the use of wall functions. Recent
computations (Wu et al., 2003a) demonstrated that cer-
tain phenomena such as periodic detachment and shed-
ding of the vapor cavity, which arise from cavitation
instabilities, are excessively damped by the Launder
and Spalding model (1974). The filter-based model,
which significantly improved the prediction in case of
single-phase flow past a cylinder (Johansen et al.,
2004), is thus adopted as a remedy in case of the hydro-
foil calculations. This is the first implementation of the
filter-based model on a multiphase computation. More-
over, the hydrofoil computations are in compliance to a
common, conference test case with lack of experimental
data to date. The following discussion serves to probe
the effect of the two models on the computation, within
the available resources, to gain insight for further
improvement.

Fig. 1 illustrates a sample snapshot of the solution
along with the lift/drag behavior of the hydrofoil. The

cavitation number, which is defined as ¢ = 0";}‘5{ , Is in-
PV 50

versely related to the cavitation (void formation) inten-
sity. The two turbulence models induce a drastic
difference into the solution, as seen from the aerody-
namic coefficients. Firstly, they produce a significantly
different mean value of lift coefficient at both the cavita-
tion numbers. Secondly, at both the ¢ values, the Laun-
der and Spalding model decays to attain a quasi-steady
state, while the filter-based model sustains the oscilla-
tions. Furthermore, the unsteadiness at the higher cavi-
tation is largely characterized by a single frequency.
Conversely, the filter-based model, in particular, illus-
trates a multi-timescale pattern at ¢ = 0.4. The nature
and the order of impact of these observations on the
flow structure can be assessed from the streamline plots
in Fig. 2, while the dynamic pattern of this structure can
be further observed from the scalar coefficients depicted
in Figs. 3 and 4. Note that the velocity field comprises a
mean flow component and the fluctuations caused by
flow instabilities. Thus, the first eigenmode (Fig. 2) iden-
tifies itself greatly with the mean flow behavior, while
the later eigenmodes agglomerate the variance. The tur-
bulence models do not noticeably influence the mean
flow structure, which constitutes at least 99% of the flow
energy in either case. At ¢ =0.8, even the second and
third POD modes appear consistent, pointing that the
two turbulence models do not impact the lower-order
flow structures. The dynamic behavior at the higher cav-
itation number, observed in Fig. 1(b), is appreciably
manifested into the first scalar coefficient, as seen in
Fig. 3. Conversely, the flow field at the lower cavitation
number is much more sensitive to the turbulence clo-
sure. Though the first POD mode is consistent (Fig.
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Fig. 1. Results of cavitating flow from CFD computations; LSM: Launder and Spalding model; FBM: filter-based model (Wu et al., 2003b). (a)
Instantaneous solution (density contours, kg/m* and streamlines); o = 0.4. (b) Lift and drag; ¢ = 0.8. (c) Lift and drag; ¢ = 0.4.

2), the two models clearly impact the flow structures in
the second and third eigenmode indicating a second-
order effect. This observation can be attributed to the
multi-timescale behavior shown by the filter-based
model (Fig. 1(c)), which is not adequately represented
within the dynamics of the first mode (Fig. 3), unlike
the earlier case. As a consequence, the effect pervades
into the succeeding modes by inducing dissimilar flow
patterns. The phase plots of the scalar coefficients, which
are shown in Fig. 4, couple the lower-order POD modes
via a dynamic framework. The scalar coefficients of the
lower-order modes, as seen from the plots, are domi-
nated by a well-ordered harmonic behavior. The limit
cycle phenomenon in the filter-based model coefficients
underscores the sustenance of cavitation instabilities.
The alternate model, however, dissipates these instabili-
ties at all the significant energy levels. Thus, the phase
plane plots clearly endorse the ability of the filter-based
model to modulate the eddy viscosity.

The efficacy of the POD representation in the hydro-
foil case can be appraised from Fig. 5. As discussed be-
fore, the lift coefficient, especially with the filter-based
modeling approach, demonstrates pronounced unsteady

behavior, which in turn points to the wide ranging oscil-
lations in the hydrofoil surface pressure. The recovery of
the dynamic pattern in these oscillations is thus sufficient
to justify the reduced-order examination. Fig. 5 illus-
trates that first five eigenmodes reasonably retrieve the
unsteady features of the hydrofoil surface pressure, at
the lower cavitation number. The pressure coefficient,
as depicted in Fig. 5, is defined as C, = Of’s;fg’zk. Because
of the heavy dependence of lift and drag on surface pres-
sure, the above observation is encouraging for con-
structing lower-order, hydrodynamic flow models.

4.2. Laminar flow around a 3-D membrane wing

The laminar flow computations around a 3-D mem-
brane wing discussed in this section are mainly
motivated by the increasing research interest in micro-
aerial vehicles (MAYV) (Lian et al., 2003). The membrane
wing, which is modeled with a zero thickness, imposes a
moving boundary inside the computational domain. The
shape of the membrane changes dynamically in response
to the fluid stresses. In fact, the frequency of wing vibra-
tion differs from the overall fluid timescale by an O(100)
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Fig. 3. Time-dependent behavior of first scalar coefficient (¢(2)); ¢(r,1) = I7(r, t); LSM: Launder and Spalding model; FBM: filter-based model.

factor. This membrane vibration superimposes pro-
nounced unsteady effects over the steady mean flow.
The CFD computation of such problems with fluid—
structural interaction is usually expensive and generates
huge amount of data. We employ POD to probe the

available data efficiently. The impact of moving mem-
brane on the flow structure is distilled by contrasting
the results to a computation under rigid wing condition.
All the simulations are computed on a body-fitted grid
with second-order upwind scheme for convection and
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Fig. 4. Phase plane plots of scalar coefficients for ¢ = 0.8; ¢(r,7) = I7(r, t); LSM: Launder and Spalding model; FBM: filter-based model.
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Fig. 5. Time history of pressure coefficient on the hydrofoil surface at 90% chord length; o = 0.4; filter-based model; ¢(r, ) = p(r,t).

central differencing for pressure and viscous terms (Lian
et al., 2003; Zhang et al., 2003). The computational do-
main of the wing geometry and a snapshot of the solu-
tion are depicted in Fig. 6.

Overall, 95 time steps, which comprise three periods
of the convective flow time-scale, are used in the POD
implementation. The Reynolds number, based on the free
stream velocity and the chord length, is 9 x 10*. Since lift
and drag characteristics are of main interest, POD is
performed on a smaller region around the membrane
wing. The issue of the time-variant grid is circumvented
by interpolating the solution at each time step on to a
fixed uniform grid, by an inverse-distance interpolation
method (Zhang et al., 2003). Two membrane wing cases
with angle-of-attack (hereafter AOA) equal to 6° and 27°
are compared to a rigid wing case with AOA equal to 6°.

The eigenmodes of the velocity field for the three
cases are illustrated in the streamline plots of Fig. 7.

The first mode, which is consistent with the mean flow
properties, captures at least 99% of the kinetic energy
in all three cases. Nonetheless, the moving membrane
in particular indicates a larger fluctuating component,
which in turn increases with the AOA. The membrane
wing, when compared to the rigid wing, negligibly affects
the flow structure in first eigenmode, while the second
eigenmode is moderately impacted. However, the differ-
ences in the higher-order flow structures are much more
conspicuous, as indicated by the third POD mode. Com-
paratively, the effect of AOA is strongly registered even
on the first POD mode, as seen from Fig. 7.
Investigations in the area of MAV mainly focus on
the lift and drag performance of the wing. In the present
case, calculation of viscous drag from the fixed grid is a
non-trivial task. Furthermore, the form drag accounts
for a large portion of the total drag force. We thus ne-
glect the viscous forces and account only the pressure
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Fig. 6. Computational domain and sample, instantaneous solution of the membrane wing (Lian et al., 2003).
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Fig. 7. POD modes showing velocity streamlines for rigid and membrane wing; ¥ (r); i = 1,2,3; q(r,t)

stresses in our aerodynamic calculations. Unlike the
velocity, the pressure responds remarkably to the pres-
ence of the moving boundary. The first POD mode of
the pressure field (¢(r,?) = p(r, 1)) for the rigid wing case
captures 99.9% of the energy, while that of the mem-
brane wing captures just 84.8% energy (for AOA = 6°).
This suggests that any parameter that strongly depends
on pressure will solicit larger number of POD modes for
its adequate representation, in case of a membrane wing.
Fig. 8 probes the mean convergence of the surface pres-
sure for the membrane wing with error calculations. The
L, norm of the time-averaged surface pressure converges
monotonically and dramatically within few POD modes.
However, this observation may be elusive to predicting
the instantaneous pressure convergence, and subse-
quently the convergence of the instantaneous aerody-
namic coefficients, which are obtained by an integral
analysis on the surface pressure. Fig. 9 demonstrates a
non-monotonic convergence for the instantaneous lift-
drag ratio for both kinds of wings. However, the excur-
sions from the actual value are highly pronounced for

AOA -G deg (membrane)

e o ?///@

AOA -27 deg (membrane)

); extracted at 48.7% span-wise slice.

Error estimation averaged over the timesteps

— 60x40x20 grid

1000,
900
800
700
600

500

Error »

400}

300}

200

100+

0 L L L L . L N |
0 10 20 30 40 50 60 70 80 90 100

Used POD modes

Fig. 8. Time-averaged L, error norm of pressure versus numbers of
eigenmodes for membrane wing; AOA—6°.

the membrane wing. The rigid wing in comparison re-
quires fewer modes for reasonable accuracy in predict-
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Fig. 9. Instantaneous lift-drag ratio versus numbers of eigenmodes;
AOA—6°

ing the aerodynamic performance. This points the fact
that moving boundary may coarsen the POD represen-
tation of time-dependent aerodynamic coefficients
although the overall (mean) dynamic behavior may be
appreciably recovered.

4.3. Gallium fusion with laminar natural convection

The schematic of the gallium fusion problem is illus-
trated in Fig. 10. Recent and accurate computational
data on this problem are available (Utturkar et al.,
2004). These computations are performed on a 2-D Car-
tesian grid with a newly developed variant of the PISO
algorithm. The solid-liquid interface is implicitly mode-
led by the single-fluid approach in form of a liquid phase
fraction, which is restricted to values between 0 and 1.
The velocity field in the solid region is appropriately
modeled to assume insignificant values. Furthermore,
the Boussinesq approximation is considered valid. The
flow field in the fusion problem is truly unsteady without

aT _

Y=1 R
liquid solid
g

T=1 T=0
Y

oT _ X=1

X 3y 0

Fig. 10. Schematic of the Gallium fusion problem with the boundary
conditions (Utturkar et al., 2004).

a time-invariant mean component, unlike the previous
problems. There is a continuous growth in the flow do-
main and flow scale as the phase boundary traverses the
domain. The ability of POD to accommodate these fac-
tors is the focal point in our present study.

Figs. 11 and 12 illustrate the POD eigenmodes and
scalar coefficients for the velocity field, for the flow case
of St =10.042, Ra=2.2x10* and Pr = 0.0208. 250 time-
steps of the solution, which allow about 75% of the solid
to fuse, are employed for the analysis. The energy frac-
tions denote the cumulative kinetic energy recovered by
the respective eigenmode. The first POD mode closely
resembles the flowfield at the latest time instant. This
mode, due to the truly unsteady behavior, is inconsistent
with the time-averaged data, as in the previous cases,
and just represents the flow structure with highest over-
all energy content. The following eigenmodes progres-
sively represent the smaller structures in the flowfield.
The structures shown by these successive modes are
non-physical and are comparable to the harmonics in
Fourier series decomposition. The first four modes of
the chosen case recover almost 99% of the kinetic en-
ergy. However, as explained further, this fact may be
misleading to offer a concise representation under cer-
tain conditions.

The scalar coefficients (Fig. 12) too show clear trends
in their time-dependent behavior. They all initiate from
zero and peak gradually in decreasing order of their
‘mode number’. Thus, the scalar coefficient of the first
mode peaks latest. While the first peak in any coefficient
denotes the dominance of the flow scales depicted by the
respective eigenmode, the following peaks are relatively
insignificant. This is because they are superseded by the
coefficients of the preceding eigenmodes. Fig. 13 plots
the ‘eigenmode number’ versus the time instance when

1 mode — 84% total energy 2" mode — 95% total energy

0.5 1

Fig. 11. POD modes showing velocity streamlines (y«(r); i = 1,2,3,4)
for S7=0.042, Ra = 2.2 10% and Pr = 0.0208 case. q(r,7) = V' (r,1).
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Fig. 13. Time instants when coefficients of respective POD modes
show the first peak; St =0.042, Ra =2.2 X 103 and Pr = 0.0208 case.

the scalar coefficient shows its first peak. For instance,
the second eigenmode peaks at 7= 20s, whereas the
12th mode peaks as early as ¢ = 3s. Thus, at least two
modes are required to represent the flow scales from
any time 7>20s. In comparison, a reduced-order
description for the flow from ¢ > 3s solicits at least 12
modes. This argument can be strengthened by observing
the centerline vertical velocity profiles at time 7= 3s,
from Fig. 14. The solid region, as seen from the plots,

Scalar coefficient

Y. Utturkar et al. | Int. J. Heat and Fluid Flow 26 (2005) 276-288

0 3 50
i(s)

12. Scalar coefficients (¢(1); i =1,2,...,8) for St= 0.042, Ra=2.2x 10> and Pr = 0.0208 case. ¢(r, 1) = 17(;’7 1).

is manifested as a sharp discontinuity in the velocity field.
Although the velocity profile using 10 eigenmodes tends
to represent the liquid region reasonably, it produces rip-
ples in the solid region. The ripples are gradually attenu-
ated by incorporating smaller scales of the higher-order
POD modes; for instance, 15 modes provide an appreci-
able representation of the profile at = 3s for both the
phases, as seen from the figure. While the first 12 modes
construct the flow scales in the liquid region, the addi-
tional modes suppress the oscillations in the solid zone.
The above facts are corroborated by the CFD data and
the re-constructed data, observed in Figs. 15 and 16,
for two widely separated time instants. Impact of POD
on the thermal field is not discussed here, because it is ex-
pected to be of similar nature. In general, the efficacy of a
POD representation may strongly depend on the time
interval of interest for truly unsteady problems, and
may not merely rely on the energy content.

5. Summary and conclusion

The POD approach is a valuable tool for fluid
dynamics confined in fixed geometries. For fluid flows
with moving boundaries, the boundary location, shape,
and movement cannot be prescribed a priori, and need

CFD solution 10 modes 15 modes
0.1} Liquid! Solid 0.1 Liquid! Solid Solid
) ) o)
°._ 0 °_ 0 °_ /\/W
= = X
> > >
-0.1 -0.1
n 1 | IR | | I ] " i1 | I | I 1 n n | IR | I ]
0 02 04 06 08 1 0 02 04 06 08 1 02 04 06 08 1

Fig. 14. Horizontal-centerline vertical velocities for St = 0.042, Ra = 2.2 x 10> and Pr = 0.0208 case at r = 3s.
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Fig. 15. Comparison between CFD solution and re-constructed solution for S = 0.042, Ra = 2.2 x 10> and Pr = 0.0208 case at r = 20s. Contours

represent velocity magnitude and lines represent streamlines.
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Fig. 16. Comparison between CFD solution and re-constructed solution for S7=0.042, Ra=2.2x 10> and Pr =0.0208 case at ¢ = 3s. Contours

represent velocity magnitude and lines represent streamlines.

to be tracked as a part of the solution. In the computa-
tional process, the boundary information and the field
equations are solved in synchronization, and thus the
effectiveness of the POD approach for complex fluid
flow problems with moving boundaries needs to be as-
sessed. The well-established technique of POD is exam-
ined for fluid flow with moving boundaries, in the
context of cavitating and phase change flows, and
fluid-membrane interaction. The unsteady simulation
data are analyzed to observe the adequacy in the POD
representation. The present study has demonstrated that
POD can offer valuable insight by extracting the salient
features from the solution obtained.

The cavitating flow simulations are investigated by
the reduced-order approach to distill the effect of turbu-
lence modeling. The flow structure and time-dependent
behavior of the Launder—Spalding model is compared
to that of the newly developed filter-based model. Phase
plane plots are utilized to depict various POD modes
through a dynamic framework. The lower-order eigen-
modes of the flow field, for both turbulence models, at
the higher cavitation number, show consistency in the
flow structure. The significant difference observed in
the lift-drag behavior for the two models is mainly man-
ifested into the time-dependent scalar coefficients. Con-
versely, at the lower cavitation number, where the void
forming intensity is higher, the turbulence-closure regis-

ters a second-order impact on the flow structure. This is
mainly because of the multi-timescales produced by the
filter-based turbulence model, which diffuse into the
higher-order eigenmodes and alter the flow pattern.
The Launder—Spalding model demonstrates a rapid dis-
sipation of cavitation instabilities at all significant en-
ergy levels. In comparison, the filter-based model is
able to sustain even the higher-order unsteady tenden-
cies in the flow. The lack of experimental data on the
hydrofoil case restricts quantitative appraisal of the lat-
est turbulence model. However, the present effort cer-
tainly endorses its intended behavior; at least, within
the scope of cavitating flows.

POD computations for 3-D, membrane wing flow are
presented for two different angles-of-attack. The results,
in turn, are contrasted to a case with a rigid wing. The
issue of moving grid is handled by interpolating the
solution, at every time step, on to a fixed grid before per-
forming POD. The eigenmodes of the velocity field pro-
gressively discern the influence of the flexible membrane
and AOA on the flow. Despite the fact, the velocity field
shows rapid convergence for all the cases. Conversely,
the convergence of the pressure field is impeded because
of the moving boundary interactions. Though the en-
ergy content and the time-averaged data depict a
monotonous convergence within few POD modes,
the instantaneous values of aerodynamic coefficients,
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obtained from the reduced-order data, require larger
number of modes to agree with the actual data. Thus,
if primary interests lie in the accurate representation of
the velocity field, very few POD modes may be sufficient
for assessment. However, reduced-order analysis of the
aerodynamic performance, which is strongly dictated
by the pressure, may be coarsened by moving membrane
dynamics.

The case of gallium fusion with natural convection is
considered for a POD investigation because of its phase
front propagation. The POD eigenmodes successively
extract the smaller scales in the flow structure. While
few modes can sufficiently construct a reduced-order
representation for the later time interval of the flow, a
larger number of modes are required to provide the flow
scales for the initial part of the fusion process. As a ca-
veat, in case of inherently time-dependent flows, effective
POD representation may be sensitive to the time interval
of interest, and merits a further inspection beyond the
energy convergence of the eigenmodes.
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